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Introduction 

A symplectic variety X is a normal algebraic variety (defined over C) 
which admits an everywhere non-degenerate d-closed 2-form u on the regu- 
lar locus Xj.f.g of X such that, for any resolution / : X — > X with f~^{Xreg) — 
Xregi the 2-form u extends to a regular closed 2-form on X (cf. [Be]). There 
is a natural Poisson structure { , } on X determined by u. Then we can 
introduce the notion of a Poisson deformation of (X, { , }). A Poisson de- 
formation is a deformation of the pair of X itself and the Poisson structure 
on it. When X is not a compact variety, the usual deformation theory does 
not work in general because the tangent object may possibly have in- 
finite dimension, and moreover, infinitesimal or formal deformations do not 
capture actual deformations of non-compact varieties. On the other hand, 
Poisson deformations work very well in many important cases where X is 
not a complete variety. Denote by P-Dx the Poisson deformation functor 
of a symplectic variety (cf. §1). In this paper, we shall study the Poisson 
deformation of an affine symplectic variety. The main result is: 

Theorem (5.1). Let X he an affine symplectic variety. Then the Poisson 
deformation functor PDx is unobstructed. 

A Poisson deformation of X is controlled by the Poisson cohomology 
HP^(X) (cf. [G-K], [Na 2]). When X has only terminal singularities, we have 
HP^(X) = H'^{{XregY'',C), where (X^eg)"" is the complex space associated 
with Xreg- In that case this description enables us to prove that PD^ is 
unobstructed ([Na 2], Corollary 15). But, in general, there is no such direct, 
topological description of HP^(X). Let us explain our strategy to describe 
HP2(X). As remarked, RF^{X) is identified with PDx(C[e]) where C[e] is 



1 



2 



the ring of dual numbers over C. First, note that there is an open locus U 
of X where X is smooth, or is locally a trivial deformation of a (surface) 
rational double point at each p E U. Let S be the singular locus of U. Note 
that X \ U has codimension > 4 in X (cf. [Ka 1]). Moreover, we have 
PDx(C[e]) ^ PDc/(C[e]). Put T^.n := Ext^(l]i;.„, Ct/an). As is well-known, 
a (local) section of T^an corresponds to a 1-st order deformation of U°'^. In 
§1, we shall construct a locally constant sheaf H of C-modules as a subsheaf 
of Tlfan. The sheaf T-L is intrinsically characterized as the sheaf of germs of 
sections of T^an which come from Poisson deformations of U""^ (cf. Lemma 
(1.5)). Now we have an exact sequence (cf. Proposition (1.11)): 

^ H\U'''',C) PDt/(C[e]) ^ h%j:,'H). 

Here the first term i7^(f/'*",C) is the space of locally triviaQ Poisson de- 
formations of U. By the definition of U, there exists a minimal resolution 
TT : U ^ U . Let m be the number of irreducible components of the excep- 
tional divisor of vr. Section 3 is a preliminary section for section 4. However, 
Proposition (3.2) is the core of the argument in §4. The main result of §4 is: 

Proposition (4.2). The following equality holds: 

dimi^°(S,?^) =m. 

In order to prove Proposition (4.2), we need to know the monodromy ac- 
tion of vri(S) on l-i. The idea is to compare two sheaves R^nf^C and "H. Note 
that, for each point p G S, the germ {U^p) is isomorphic to the product of an 
ADE surface singularity S and (C^"~^,0). Let S be the minimal resolution 
of S. Then, (i?^7r""C)p is isomorphic to H'^{S, C). A monodromy of R^nf^C 
comes from a graph automorphism of the Dynkin diagram determined by the 
exceptional (-2)-curves on S. As is well known, S is described in terms of a 
simple Lie algebra g, and H'^{S, C) is identified with the Cartan subalgebra 
[) of Q] therefore, one may regard i?^7r°"C as a local system of the C-module 
f) (on S), whose monodromy action coincides with the natural action of a 
graph automorphism on f). On the other hand, "H is a local system of i)/W, 
where i)/W is the linear space obtained as the quotient of [) by the Weyl 
group W of g. The action of a graph automorphism on [) descends to an 

^More exactly, this means that the Poisson deformations are locahy trivial as usual flat 
deformations of C/"" 
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action on f)/VF, which gives a monodromy action for T-L. This description of 

the monodromy enables us to compute dimif°(S, "H). 

Proposition (4.2) together with the exact sequence above gives an upper- 
bound of dimPD[/(C[e]) in terms of some topological data of X (or U). In 
§5, we shall prove Theorem (5.1) by using this upper-bound. The rough idea 
is the following. There is a natural map of functors FDj^^ — )■ FD^/ induced 
by the resolution map [/—)■[/. The tangent space PDj)-(C[e]) to PDj)- is 
identified with H^{U"'"', C). We have an exact sequence 

^ H\u'''', c) ^ H^if'''', c) ^ ii"°(c/"", iiVrc) ^ 0, 

and dimff°(f/"",i?27r^"C) = m. In particular, we have dim {U"'' , C) = 
dimi/2(f/««^C)+m. But this implies that dimPDf;(C[e]) > dim PDc/(C[e]). 
On the other hand, the map PD^^ — )■ PDf/ has a finite closed fiber; or more 
exactly, the corresponding map SpecRfj SpecRu of prorepresentable hulls, 
has a finite closed fiber. Since PD^ is unobstructed, this implies that PDu is 
unobstructed and dimPD^(C[e]) = dimPD[/(C[e]). Finally, we obtain the 
unobstructedness of PDx from that of PD[/. 

Theorem (5.1) is only concerned with the formal deformations of X; but, 
if we impose the following condition (*), then the formal universal Poisson 
deformation of X has an algebraization. 

(*): X has a C*-action with positive weights with a unique fixed point 
E X. Moreover, u is positively weighted for the action. 

We shall briefly explain how this condition (*) is used in the algebraiza- 
tion. Let Rx '■= liraRx/imx)"''^^ be the prorepresentable hull of PDx- 
Then the formal universal deformation of X defines an m^-adic ring 

A := limr{Xn,Ox„) and let A be the completion of A along the maximal 
ideal of A. The rings Rx and A both have natural C*-actions induced from 
the C*-action on X, and there is a C*-equivariant map Rx — > A. By taking 
the C*-subalgebras of Rx and A generated by eigen- vectors, we get a map 

C[xi, ...,Xd] S 

from a polynomial ring to a C-algebra of finite type. We also have a Poisson 
structure on S over C[xi, x^] by the second condition of (*). As a conse- 
quence, there is an affine space A'^ whose completion at the origin coincides 
with Spec(i?x) in such a way that the formal universal Poisson deformation 
over Spec(i?x) is algebraized to a C*-equi variant map 
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Now, by using the minimal model theory due to Birkar-Cascini-Hacon-McKernan 
[BCHM], one can study the general fiber of A' — > A*^. According to [BCHM], 
we can take a crepant partial resolution n : Y X in such a way that Y has 
only Q-factorial terminal singularities. This Y is called a Q-factorial termi- 
nalization of A. In our case, y is a symplectic variety and the C*-action on 
A uniquely extends to that on Y. Since Y has only terminal singularities, 
it is relatively easy to show that the Poisson deformation functor PDy is 
unobstructed. Moreover, the formal universal Poisson deformation of Y has 
an algebraization over an affine space A"^: 

There is a C*-equi variant commutative diagram 

y — > X 

A.d A<^ 

By Theorem (5.5), (a): -0 is a finite surjective map, (b): y ^ A'' is a 
locally trivial deformation of Y, and (c): the induced map yt — > X^(t) is an 
isomorphism for a general point t e A'^. As an application of Theorem (5.5), 

we have 

Corollary (5.6): Let {X,uj) be an affine symplectic variety with the 

property (*). Then the following are equivalent. 

(1) X has a crepant projective resolution. 

(2) X has a smoothing by a Poisson deformation. 

Example (i) Let O C be a nilpotent orbit of a complex simple Lie 
algebra. Let O be the normalization of the closure O of O in q. Then 
O is an affine symplectic variety with the Kostant-Kirillov 2-form a; on O. 
Let G be a complex algebraic group with Lie{G) — g. By [Fu], O has a 
crepant projective resolution if and only if O is a Richardson orbit (cf. [C- 
M]) and there is a parabolic subgroup P of G such that its Springer map 
T*{G/P) — )> O is birational. In this case, every crepant resolution of O 
is actually obtained as a Springer map for some P. If O has a crepant 
resolution, O has a smoothing by a Poisson deformation. The smoothing 
of O is isomorphic to the affine variety G/L, where L is the Levi subgroup 
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of P. Conversely, if O has a smoothing by a Poisson deformation, then the 
smoothing always has this form. 

(ii) In general, O has no crepant resolutions. But a suitable generalized 
Springer map gives a Q-factorial terminalization of O by [Na 4] and [Fu 2] . 
More exphcitly, there is a parabohc subalgebra p with Levi decomposition 
p = n © I and a nilpotent orbit O' in I so that the generalized Springer map 
G {n + O') — )■ O is a crepant, birational map, and the normalization of 
G {n+0') is a Q-factorial terminalization of O. By a Poisson deformation, 

deforms to the normalization of G O'. Here G O' is a fiber bundle 
over G/L with a typical fiber O', and its normalization can be written as 
G O' with the normahzation O' of O'. 

1 Local system associated with a symplectic 
variety 

(1.1) A symplectic variety {X,uj) is a pair of a normal algebraic variety X 
defined over C and a symplectic 2-form u on the regular part Xreg of X such 
that, for any resolution /i : X — )■ X, the 2-form u on ^~^{Xreg) extends to 
a closed regular 2-form on X . We also have a similar notion of a symplectic 
variety in the complex analytic category (eg. the germ of a normal complex 
space, a holomorphically convex, normal, complex space). For an algebraic 
variety X over C, we denote by X"" the associated complex space. Note that 
if (X, u) is a symplectic variety, then X"" is naturally a symplectic variety 
in the complex analytic category. A symplectic variety X (resp. X"") has 
rational Gorenstein singularities. The symplectic 2-form u defines a bivector 
© e A^Qxreg ^hc Identificatiou flx^^^ — A^Ox^^^ by ou. Define a Poisson 
structure { , } on X^eg by {/, g} := Q{dfAdg). Since X is normal, the Poisson 
structure on X^eg uniquely extends to a Poisson structure on X. Here, we 
recall the definition of a Poisson scheme or a Poisson complex space. 

Definition. Let T be a scheme (resp. complex space). Let X be a 
scheme (resp. complex space) over T. Then (X, { , }) is a Poisson scheme 
(resp. a Poisson space) over T if { , } is an CT-hnear map: 

{ , } : Al^Ox ^ Ox 

such that, for a,b,c & Ox, 
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1. {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 

2. {a, be} = {a, b}c + {a, c}b. 

Let (X, { , }) be a Poisson scheme (resp. Poisson space) over C. Let S 
be a local Artinian C-algebra with S/ms = C. Let T be the affine scheme 
(resp. complex space) whose coordinate ring is S. A Poisson deformation 
of {X, { , }) over 5" is a Poisson scheme (resp. Poisson complex space) over 
T: {X, { , }t) such that X is flat over T, X Xt Spcc(C) ^ X, and the 
Poisson structure { , }t induces the original Poisson structure { , } over the 
closed fiber X. We define PDx(5') to be the set of equivalence classes of the 
pairs of Poisson deformations X oi X over Spec (5*) and Poisson isomorphisms 
(f) : X Xspec(5) Spec(C) = X. Here {X, cf)) and (A", 0') are equivalent if there 
is a Poisson isomorphism Lp : X = X' over Spec(S') which induces the identity 
map of X over Spec(C) via 4> and 4>'. We define the Poisson deformation 
functor: 

PD(x,{,}) : (Art)c^ (Set) 

from the category of local Artin C-algebras with residue field C to the cat- 
egory of sets. Let C[e] be the ring of dual numbers over C. Then the 
set PDj5(:(C[e]) has a structure of the C- vector space, and it is called the 
tangent space of PDx- A Poisson deformation of X over SpecC[e] is partic- 
ularly called a 1-st order Poisson deformation of X. It is easy to see that 
PD(x,{ , }) satisfies the Schlessinger's conditions ([Sch]) except that possibly 
dimPD(x,{ , })(C[e]) = oo. For details on Poisson deformations, see [G-K], 
[Na2]. 

(1.2) Let (5", 0) be the germ of a rational double point of dimension 2. 
More explicitly, 

S:^{{x,y,z)eC';f{x,y,z)=0}, 

where 

f{x,y,z) = xy + 2;''+^ 
f{x,y,z) = x'^ + y'^z + z""^, 
f{x,y,z)^x^ + y^ + z\ 
f{x,y,z)^x'' + y'^ + yz'^, 



or 



f{x,y,z)^x'^ + y^ + z^ 
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according as S is of type Ar, Dr (r > 4) Eq, E^ or Es- We put 

ujs '■— res{dx Ady A dz/ f). 

Then ^5 is a symplcctic 2-form on S — {0} and [S, 0) becomes a symplectic 
variety. Let us denote by uic'^m the canonical symplectic form on C^"^ : 

ds\ A dt\ + ... + dsm A dtm- 

Let (X, u) be a symplectic variety of dimension 2n whose singularities are 
(analytically) locally isomorphic to {S, 0) x (C^"~^, 0). Let S be the singular 
locus of X. 

Lemma (1.3) For any p G S, there are an open neighborhood U C X"-"' 
of p and an open immersion 

such that uj\u — (f)*{(pi)*ujs + (P2)*wc2"-2); where pi are i-th projections of 
S X C2"-2. 

Proof. Let (x>i be an arbitrary symplectic 2-form on the regular locus of 
{S, 0) X (C2"-2, 0). On the other hand, we put 

'^o := {PiT(^s + (p2)*t<;c2"-2- 

The singularity (5*, 0) can be written as (0^,0)/^ with a finite subgroup 
G C SL{2,C). Let vr : (C^ 0) {S,0) be the quotient map. The finite 
group G acts on (C^, 0) x (C^"~^, 0) in such a way that it acts on the second 
factor trivially. Then one has the quotient map 

nxid: (C^, 0) X (C''^-^, 0) ^ {S, 0) x (C2"-^ 0). 

We put 

uji :— (tt X id)*u!i 

for i — 0, 1. Then Ui are G-invariant symplectic 2-forms on (C^, 0) x 

(C^"~^,0). Wc shall prove that there is a G-equivarinat automorphism if> 
of (C^,0) X (C^""^,0) such that (p*Cji = Cjq- The basic idea of the following 
arguments is due to [Mo]. Let {x,y) be the coordinates of (C^,0) and let 
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(si, Sn_i, ii, be the coordinates of (C^^^^jO). The symplectic 2- 
forms Uo and lji restrict respectively to give 2-forms cJo(O) and a;i(0) on the 
tangent space Tc2n q at the origin e C"^"". By the definition of ujq, 

0)0(0) = adx Ady + Edsj A dti 

with some a G C*. Next write a;i(0) by using dx, dy, dsi and dtj. We may 
assume that G contains a diagonal matrix 

C 


where is a primitive Z-th root of unity with some / > 1. Since Cji is 
G-invariant, tl'i(O) does not contain the terms dx A dsi, dx A d,tj, dy A dsi 
or dy A dtj. One can choose a scalar multiplication c : (C^,0) — > (C^,0) 
((a;,!/) {cx,cy)) and a linear automorphism a : (C^"~^,0) ^ (C^^^^jO) so 
that 0)2 := (c X (7)*(a'i) satisfies 



'^2(0) = adx Ady + Y^dsi A dt^. 



Note that 

d;o(0) =a;2(0). 

Since c x cr is G-equivariant, 0)2 is a G-invariant symplectic 2-form. For 
T e R, define 

u{t) := (1 - t)Cjq + tCj2- 

We put 

u :— du}{T)/dT. 

Since SxC^""^ has only quotient singularities, the complex {{Tixid)'^Vt'^2y^(^-2n-2, d) 
is a resolution of the constant sheaf C on S* x C^"~^. Note that -u is a section 
of (tt X f2^2x 02^-2 • Moreover, u is d-closed. Therefore, one can write 
u — dv with a G-invariant 1-form v. Moreover v can be chosen such that 
v{Q) = 0. Define a vector field on (C^", 0) by 

ixr^ir) = -V. 

Since uj{t) is d-closed, we have 
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where Lx^uj{t) is the Lie derivative of w(t) along Xr- If we take a sufficiently 
small open subset V of E C^", then the vector fields {^t}o<t<i define a 
family of open immersions : V ^ C"^^ via 

d(fir/dT — XT-{(fiT), fo — id. 

Since all (fr fix the origin and Xt- are all G- invariant, induce G-equivariant 
automorphisms of (C^",0). By the definition of X^, we have {(Pt)*u!{t) — 
uj{0). In particular, {(fii)*Cu2 — oJo- We put 

(p := (v9i) o (c X a). 

The G-equivariant automorphism ip of (C^", 0) descends to an automorphism 
If of {S, 0) X (C2"-2, 0) so that ip*uji = ojq. Q.E.D. 

We cover the singular locus E by a family of open sets {Ua} of X"" in 
such a way that each Ua admits an open immersion (f)^ as in Lemma (1.3). 
In the remainder, we call such a covering {Ua} admissible. 

(1.4) Let (X, w) be the same as above. Denote by T\an the analytic 
coherent sheaf Ext^(r2^a„, (9x°"). Note that the sheaf T\an is the sheafication 
of the presheaf associating to each open set V C X"" the C- vector space of 
the isomorphic classes of 1-st order deformations of V . Let us consider the 
presheaf on X"" which associates to each open set V the C- vector space of 
the isomorphic classes of 1-st order Poisson deformation. Denote by PT^an 
the sheafication of this presheaf. Note that both sheaves T^an and PT^an 
have support on E. One has a natural map 

prpl rpl 

of sheaves of C-modules by forgetting the Poisson structure. Define a sub- 
sheaf H of Txan as the image of this map. 

Lemma (1.5) T-L is a locally constant C-module over E. 

Proof. Take an admissible covering {Ua}- For each a, 

Ti^{p^oci>arn- 

We put 

Ha := (pi o (f>a)~^Ts. 

Note that Ha is a constant C-module on f/QplE. We shall prove that Tilu^ = 
Ha. In fact, let Ua SpecC[e] be a 1-st order Poisson deformation of Ua. 
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Let e C/q be the point which corresponds to (0, 0) e S x C^" ^ via 4>a- 
By applying the second statement of the next Lemma (1.6) to Oua.o and 
Oua,o, we conclude that (Wq,, 0) = {S, 0) x (C^""^, 0), where 5 is a 1-st order 
deformation of S. Conversely, a 1-st order deformation of this form always 
comes from a Poisson deformation of Q.E.D. 

Lemma (1.6). Let S := {f{x,y,z) = 0} C be an isolated hyper- 
surface singularity which admits a Poisson structure, and let (C^""^, 0) be 
a symplectic manifold with the standard symplectic structure. Put V :— 

{S, 0) X (C^"^^, 0) and introduce the product Poisson structure on V. As- 
sume that V Spec C[e] is a 1-st order Poisson deformation of V . Then 

V ^ (<S, 0) X (C'"-^ 0) 

as a flat deformation. Here (5,0) is a 1-st order flat deformation of {S,0). 

Proof. We denote by s = (si, S2n-2) the coordinates of C^""^. Let 
/i, fr e C{x, y, z} be the representatives of a basis of C{x, y, z}/{f, fx, fy, fz)- 
The 1-st order deformation V can be written as 

/(x, y, z) + e(/i(x, y, z)gi(s) + ... + fr{x, y, z)gr{s)) = 0. 

We prove that gi are all constants. Let { , } be the Poisson structure on V. 
By the definition, we have 

{x,Si} = {y,Si} = {z,Si} = 

in Ov,o- Let { , }' be the Poisson structure on V extending the Poisson 
structure { , }. Then we have 

{x, SiY = eai, {y, sj' = ef^i, {z, Si}' = €7^, 

for some elements a^, (3i and ji in Ov,o- Since / -|- e{figi -\- ... -\- frgr) = in 
Cv,0; we must have 

{/ + e(/l^l + - + /r^r),Si}' = 

in Cv,o- By calculating the left-hand side, one has 

fx{x, Si}' + fy{y, Si}' + fz{z, Si}' + e{Ei<j<^fj{gj, Si} + J:i<j<r9j{fj: Si}) = 
Recall that 

{Si, 82} = {S3, S4} — ■■■ — {s2n-3, S2n-2} — 1, 
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and {sk,si} — for other k < I. Moreover, note that = 0. Assume 

that i is odd, then one has 

This imphes that 

fxOli + fyPi + fzli + '^l<i<Tfj ■ {9j)si+l = 

in Ovfl- Note that Oyfl = C{x,y,z,s}/{f). Let us consider the equation in 
C{x, y, z, s}/ (/, fy, fz). Then we have 

Sl<j<r/j • {gj)si+i = 0. 

This imphes that {gj)si+i = in C{s} for all j. When i is even, a similar 
argument shows that {gj)si-i — for all j. As a consequence, gj are constants 
for all j. Q.E.D. 

(1.7) Monodromy of T-L 

Let 7 be a closed loop in S starting from p G S. We shall describe the 
monodromy of H along 7 in terms of a certain symplectic automorphism of 
the germ In order to do this, we take a sequence of admissible open 

sets of X"": C/i, C/^, Uk+i :— Ui in such a way that p e C/i, 7 C UC/j, 
Ui n Ui+i n 7 7^ for i = 1, k. Put pi := p and choose a point pi G 
Ui n ?7i+i n 7 for each i > 2. Let (pi : Ui ^ S x C^""^ be the symplectic 
open immersion associated with the admissible open subset U^. Since is a 
locally constant C- module by (1.5), an element of l-Lp^ uniquely extends to a 
section of H over C/j. Since G C/j, this section restricts to give an element 
of 'Hpi_i- In this way, we have an identification 

for each i. The monodromy transformation m-y is the composite of mj's: 

m-y = mfe+l O ... O 777,2. 

One can describe each in terms of certain symplectic isomorphisms as 
explained below. Since Ui contains pi, the germ {X°'"-,pi) is identified with 
{S X C^""^, (t>i{pi)) by 0i. On the other hand, since Ui contains Pi-i, the germ 
(X'^",p,_i) is identified with (5x C^"-^ (^,(p,_i)). Note that (/)j(pi) = (0,*) G 
5 X C2"-2 and 0i(pi_i) = (0, **) G 5 X C^"-^ for some points *, ** G C2»-2 
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because pi,pi-i e 7. Denote by (jj : C^"~^ — >■ C^"~^ the translation map such 
that (Tj(*) = **. Then, by the automorphism id x of S* x C^"^^, two germs 
{S X C^"~^, (piipi)) and (S* x C^"^^, are identified. As a consequence, 

two germs and have been identified. By definition, 

this identification preserves the natural symplectic forms on and 
The symplectic isomorphism = determines an 

isomorphism 'Hpi_^ = ^p^. It is easy to see that this isomorphism coincides 
with nii defined above. Note that the symplectic automorphism depends on 
the choice of 0j, but rrii is independent of it. Now the sequence of identifica- 
tions ^ (X«-,p2), (X"",P2) = (^'^",P3), = 
finally defines a symplectic automorphism 

i^:(X-,p) = (X-,p). 

The map induces an automorphism of "Hp, which coincides with because 
m^, = mfc_|_i o ... o Although depends on the choices of 0j's, is 
independent of them by the definition. 

(1.8) In the above, we only considered a symplectic variety whose singu- 
larities are locally isomorphic to (5", 0) x (C^""^,0). Prom now on, we will 
treat a general symplectic variety {X, u) . Let U <Z X he the locus where X 
is smooth, or is locally a trivial deformation of a (surface) rational double 
point. Put S := Sing(f/). As an open set of X, U naturally becomes a 
Poisson scheme. Since X \ U has codimension at least 4 in X ([Ka 1]), one 
can prove in the same way as [Na 2, Proposition 13] that 

PDx(C[e])^PDc;(C[e]). 

Let PDit^u be the locally trivial Poisson deformation functor of U. More 

exactly, PDu^u is the subfunctor of PDjj corresponding to the Poisson de- 
formations of U which are locally trivial as flat deformations of (after 
forgetting Poisson structure). Wc shall insert a lemma here, which will be 
used in the proof of Proposition (1.11). 

Lemma (1.9) Let X be an ajfine symplectic variety let j : Xreg X be 
the open immersion of the regular part Xreg 'into X. Then 

PD,i,x(C[e]) = U\T{X,J,{^^'Qxre<>)), 

where {f\-^Qx^''9iS) is the Lichnerowicz- Poisson complex for X^eg (cf. [Na 

2, m- 
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Proof. The 2-nd cohomology H2(r(X^eff, A-^Ox^J) describes the equiv- 
alence classes of the extension of the Poisson structure { , } on Xreg to that 
on Xreg X SpccC [e] — > SpecC[e]. In fact, for ip G r{Xreg, A^6xr.eg)) we define 
a Poisson structure { , }g on Oxreg © ^^Xrea 

{/ + ef, g + eg% := {/, g} + e{i;{df A dg) + {/, g'} + {/', g}). 

Then this bracket is a Poisson bracket if and only if = 0. On the other 
hand, an element 6 e V{Xreg-i ©x^eg) corresponds to an automorphism ipe of 
Xreg X SpecC[e] over SpccC[e] which restricts to give the identity map of the 
closed fiber Xreg- Let { , }^ and { , be the Poisson structures determined 
respectively by ^ G r(Xreg, A^6x„J and ip' G r(X^eg, A^Ox^.J- Then the 
two Poisson structures are equivalent under ip^ if and only if — tp' = S{9). 
For an affine variety X, a locally trivial infinitesimal deformation is nothing 
but a trivial infinitesimal deformation because H^{X, Qx) = 0. The original 
Poisson structure on X restricts to give a Poisson structure on X^eg- As seen 
above, its extension to Xreg x SpccC[e] is classified by li^{r{Xreg- A-^0.Yreg))- 
Each Poisson structure on Xreg x SpecC[e] can extend uniquely to that on 
X X SpecC[e]. 

Remcirk (1.10). By the same argument as [Na 2], Proposition 8, one 
can prove that, for a (non-affine) symplectic variety X, 

PDu,x{C[e]) = U\X,MA^'eXrJ), 

where is the 2-nd hypercohomology. 

Let us return to the original situation in (1.8). Let H C T^an be the local 
constant C-modules over E. We have an exact sequence of C-vector spaces: 

The following proposition shows that the tangent space of the Poisson defor- 
mation functor of an affine symplectic variety is finite dimensional. 

Proposition (1.11). Assume that X is an affine symplectic variety. 
Then 

PDit,u{C[e])^H'{U''^,C). 
In particular, dimPDx(C[e]) < oo. 
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Proof. Let U be the smooth part of U and let j : f/ — ?■ f/ be the 
inclusion map. Let (A-^Gjyo, 6) be the Lichnerowicz-Poisson complex for U^. 
By Remark (1.10), one has 

By the symplectic form co, the complex {j*{A-^<difg),6) is identified with 
{j^:{A-^Qlj^),d) (cf. [Na 2, Proposition 9]). The latter complex is the trun- 
cated de Rham complex for a V -manifold U (f^^^, d) (cf. [St]). Let us consider 
the distinguished triangle 

We have an exact sequence 

H\Ou) ^ ^\(lf) ^ ^\(lu) ^ H\Ou). 

Since X is a symplectic variety, X is Cohen-Macaulay (cf. (1.1)). Moreover, 
X is affine and X\U has codimension > 4 in X. Thus, by a depth argument, 
we see that H^{Ou) = H'^{Ou) = 0. On the other hand, by Grothendieck's 
theorem [Grg for 1/-manifolds, we have W^i^u) = ([/«", C). Now the 
result follows from the exact sequence above. Q.E.D. 

2 Prorepresentability of the Poisson defor- 
mation functors 

Let {X, { , }) be a Poisson scheme. In this section, we shall prove that, in 
many important cases, PE)(x,{ , }) has a prorepresentable hull Rx (cf. [Sch]), 

^The V-manifold case is reduced to the smooth case as fohows. Let W be an algebraic 
variety with quotient singularities (V-manifold). One can cover W by finite affine open 
subsets Ui, < i < n so that each Ui admits an etale Galois cover [// such that Ul = Vi/Gi 
with a smooth variety Vi and a finite group Gi. It can be checked that, for each intersection 
Uig^...Sp ■— Ui„ n ... n [/ip, Grothendieck's theorem holds. Now one has Grothendieck's 
theorem for W by comparing two spectral sequences 

and 
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and it is actually prorepresentable, i.e. Hom(i?x, •) — PD(x,{ , })(•)• Let X 

be a Poisson scheme over a local Artinian base T and let X be the central 
closed fiber. Let Gx/t^^ the sheaf of automorphisms of X /T. More exactly, 
it is a sheaf on X which associates to each open set U G X, the set of the 
automorphisms of the usual scheme X\u over T which induce the identity 
map on the central fiber U = X\u. Moreover, let PGx/t be the sheaf of 
Poisson automorphisms of X /T as a subsheaf of Gx/t- In order to show that 
PD(x,{ , }) is prorepresentable, it is enough to prove that H^{X, PGx/t) 
H^{X, PGx/f) is surjective for any closed subscheme T G T and X :— 
X XtT. Assume that X is smooth over T. We denote by Qx/t the relative 
tangent sheaf for A" — > T. Consider the Lichnerowicz- Poisson complex (cf. 
[Na 2, Section 2]) 

^ Qx/T ^ ^''Ox/T ^ A^e^f/T... 

and define PQx/t '■= Ker(5i). We denote by Q^/t (^^^sp. PO^y^) the 
subsheaf of Qx/t (resp. PG^^^) which consists of the sections vanishing on 
the central closed fiber. 

Proposition (2.1)(Wavrik): There is an isomorphism of sheaves of sets 

a : Qx/T — Gx/T- 

Moreover, a induces an injection 

P^^X/T ~^ PGx/T- 

Proof. Each local section </? of Q^x/t regarded as a derivation of Ox- 
Then, we put 

a{ip) := id + if + l/2!(99 o (^) + l/3!(99 o ip o ip) + ... 
By using the property 

vifg) = fvig) + v{f)9, 

one can check that Oi{^p) is an automorphism oi X /T inducing the identity 
map on the central fiber. If is a local section of PGj^^^, then ip satisfies 

V{{L9}) = {LV{9)} + WU),9}- 
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By this property, one sees that a{ip) becomes a Poisson automorphism of 
X/T. For the bijectivity of a, see [Wav]. 

Proposition (2.2). In Proposition (2.1), if X is a Poisson deformation 
of a smooth symplectic variety {X,uj), then a induces an isomorphism 

P^^X/T — PGx/T- 

Proof. We only have to prove that the map is surjective. We may assume 
that X is affine. Let S be the Artinian local ring with T = Spec(5') and let 
m be the maximal ideal of S. Put T„ := Spec(S'/m"+^). The sequence 

TodTiG ... C n 

terminates at some k and = T. We put Xn :— X Xt Tn. Let be a 
section of PGx/t- One can write 

=id + ^pi 

with e m • PQx- By the next lemma, (/?! lifts to some (pi e PQx/t- Then 
one can write 

= a(<^i)|x2 + <^2 

with G • P&x- Again, by the lemma, (p2 lifts to some (p2 G P^x/t- 
Continue this operation and we finally conclude that 

= q;(<^i + (^2 + ■■■)■ 

Lemma (2.3). Let X ^ T be a Poisson deformation of a smooth sym- 
plectic variety {X,u!) over a local Artinian base T — Spec(S'). Let T <zT be 
a closed subscheme and put X :— X Xt T. Then the restriction map 

PQx/T ^ PQx/f 

is surjective. 

Proof. We may assume that X is affine. The Lichnerowicz- Poisson com- 
plex {/\-^Qx/T) ^) is identified with the truncated de Rham complex (Q^^^, d) 
by the symplectic 2-form u) (cf. [Na 2], Section 2). There is a distinguished 
triangle 
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and it induces an exact sequence 

... ^ HP\X/T) H\X'''\ S) H\X, Ox) ^ ... 
In particular, we have an exaxt sequence 

Q^K^ HP\X/T) H\X^'\ S) 0, 

where 

K := Coker[ii"°(X'^'^, S) H%X, Ox)]- 
Similarly for X, we have an exact sequence 

0^ K ^ HP\X/f) H^X""", S)^0 

with 

K := Coker[/J°(X'^", S) H%X, Ox)]. 

Since the restriction maps K K and H°{X'''',S) H^{X'''^,S) are 
both surjective, the restriction map HP^{X /T) — )■ HP^{X /T) is surjec- 
tive. Finally, note that HP\X/T) = H^{X,Pex/T) and HP\X/f) = 
H\X,PQ^,f). 

Proposition (2.4). In the same assumption in Lemma (2.3), if the 
restriction map 

H%X, PQx/t) ^ H'{X, PQx/t) 
is surjective, then the restriction map 

H\X, PGx/t) ^ PGx,f) 

is surjective. 

Proof. If the map 

H\X, PQx/t) ^ H\X, PQx/t) 

is surjective, 

H\X,PQ'^,^)^H\X,PQ%,f) 
is surjective. Then the result follows from Proposition (2.2). 

Corollary (2.5). The Poisson deformation functor PD(^x,{ , }) for a sym- 
plectic variety {X,u}), is prorepresentable in the following two cases: 
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(1) X is convex (i.e. X has a birational projective morphism to an affine 

variety), and admits only terminal singularities. 

(2) X IS affine, and H^X^"", C) = 0. 

Proof. First, we must show that dimPD(x,{ , })(C[e]) < oo. Let U be the 
smooth part of X. In the case (1), we have PD(x,{ , })(C[e]) = H'^{U"-'^ ,C)] 
hence PD(x,{ , })(C[e]) is a finite dimensional C-vector space. For the case 
(2), the finiteness is proved in Proposition (1.10). Assume that A" — > T is 
a Poisson deformation of X with a local Artinian base. Let T be a closed 
subscheme of T and let — )> T be the induced Poisson deformation of X over 
T. Let U d X (resp. U d X)he the open locus where the map X (resp. 
A* ^ T) is smooth. Let j be the inclusion map of U to X. Since j^Ou = Ox-, 
a Poisson automorphism of U (which induces the identity on the closed fiber) 
uniquely extends to that of X. Therefore, we have an isomorphism 

H\X, PGx/t) = H\U, PGu/t). 

Similarly, we have 

H\X,PGx,f)^H\U,PGu,f)- 
By Proposition (2.4), it suffices to show that the restriction map 

H\U,PQu/t) ^ H\U,PQu/f) 

is surjective. 

For the case (1), we have already proved the surjectivity in [Na 2], Theo- 
rem 14. Let us consider the case (2). Note that H^{U, PQu/t) = H^iU, OgJ^), 

where (0^^^, 5) is the Lichnerowicz-Poisson complex for U/T. As in the 
proof of Lemma (2.3), the Lichnerowicz-Poisson complex is identified with 
the truncated de Rham complex (f^^/^, d), and it induces the exact sequence 

O^K^H\U, Og/V) ^ ii"^ ([/"", S), 

where S is the affine ring of T, and K := Coker [//«([/"", S) H^U, Ou)]- 
We shah prove that H\U^'^,S) = 0. Since H^U^-^.S) = H\U^'',C) O S, 
it suffices to show that if ^ (?/"", C) = 0. Let / : X — )■ X be a resolution of 
X such that f~^{U) = U and the exceptional locus of / is a divisor with 
only simple normal crossing. One has the exact sequence 

^i^^an^ C) ^ //^(t/"", C) ^ HliX"''', C) ^ H\X"''^, C), 
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where the first term is zero because X has only rational singularities and 
H\X'''^,C) = 0. We have to prove that i/KX'^", C) ^ H^{X'''',C) is an 
injection. Put n := dimX; then, iJ|;(X"", C) is dual to the cohomology 
]^2n-2 (^j^an ^ C) with couipact support (cf. the proof of Proposition 2 of [Na 
3]). Let E — \JEi be the irreducible decomposition of E. The p- multiple 
locus of E is, by definition, the locus of points of E which are contained in 
the intersection of some p different irreducible components of E. Let 
be the normalization of the p-multiple locus of E. For example, E^^'^ is the 
disjoint union of EiS, and E^'^^ is the normalization of the singular locus of 
E. There is an exact sequence 

Ce — ^ C^[ii — )■ C^[2] — )■ ... 

By using this exact sequence, we see that ff2n-2j-^an^ ^ C-vector space 
whose dimension equals the number of irreducble components of E. By the 
duality, we have 

i/|;(x"",c) = ®c[£;,] 

and the map i/KX'*", C) ^ //^(^an^ -g injection. Therefore, i/^ C) = 
0. We now know that 

H%U,Peu/T) = K. 

Similarly, we have 

H\U,PQa/f) = K, 

where K := CokeT[H^{U, S) — )■ H^{U, Oq)] and S is the affine ring of T. Since 
the restriction maps H^{X, Ox) ^ H^{U, Ou) and H^{X, O^) ^ H^{U, Oq) 
are both isomorphisms, the restriction map H^{U, Ou) — >■ H^{U, Oq) is sur- 
jective; hence the map K ^ K is also surjective. Q.E.D. 

Remark (2.6). The results in this section equally hold in the complex 
analytic category. For example, let {X^p) be the germ of a symplectic variety 
X at p e X, and let / : (Y^E) — )■ (X, p) be a crepant, projective partial 
resolution of {X,p) where E = f~^{p). Assume that Y has only terminal 
singularities. Then (2.5) holds for {X,p) and {Y,E). 

3 Symplectic automorphism and universal Pois- 
son deformations 

Let S be the same as in (1.2), and put V := {S,0) x (C^^-^O). By the 
symplectic 2-form ou :— {pi)*ujs + (p2)*<^c2'»-2, the germ V becomes a sym- 
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plectic variety. Let (5*, F) {S, 0) be the minimal resolution and put 
V := {S,F) X (C^"^^,0). In this section, we construct explicitly the uni- 
versal Poisson deformations of V and V, and study the natural action on 
them induced by a symplectic automorphism of V. Let g be the complex 
simple Lie algebra of the same type as S. Fix a Cartan subalgebra f) of g and 
consider the adjoint quotient map g — > f)/VF, where W is the Weyl group of 
g. By [Slo], a transversal slice iS of g at the sub-regular nilpotent orbit gives 
the semi-universal fiat deformation S — ?■ ^/W of S* (at G l)/W). Let Qreg 
be the open set of g where this map is smooth. Then Qreg admits a 

relative symplectic 2-form called the Kostant-Kirillov 2-form. Let Sreg be the 
open subset of S where the map 5 — > f) /W is smooth. The Kostant-Kirillov 
2-form on Qreg restricts to give a relative symplectic 2-form on Sreg ^-nd makes 
the map S — > i)/W a Poisson deformation of S. 

On the other hand, the base change q y<i,/w f) ^ f) has a simultaneous 
resolution 

where G is the adjoint group of Q and S is a Borel subgroup of G such that 
f) C b (cf. [Slo]). The pullback of the Kostant-Kirillov 2-form gives a relative 

symplectic 2-form up G r{G b, ^cx^b/f))- ^ ■~ A*~^('^ Xfi/w I)), 

then 

is a simultaneous resolution of 5 Xi,/^^ [) — )■ t). Let / be the composite of two 
maps (S — )■ 5 X(,/iy t) and S X(,/vi^ f) ^ f). Then cuf := ujf\s gives a relative 
symplectic 2-form for / (cf. [Ya]). 

Proposition (3.1) (1) The universal Poisson deformations of S and S 
are respectively given by S ^ h/W and <S — > f). 

(2) The universal Poisson deformations ofV andV are respectively given 
bySx (C2"-2, 0) ^ i)/W and S x (C^"-^, 0) ^ [}. 

Proof. The Poisson deformation S — ?> [}/W is universal at G i)/W. In 
fact, there is an exact sequence (cf. the latter part of §1 after (1.8)) 

^ PDu,siC[e]) ^ PD5(C[e]) ^ ^ 0. 

For the definitions of PD and PD;t, see (1.1) and (1.8). By Proposition (1.11), 
we have PDit,s{C[e]) ^ H^{S, C) = 0. The map PDs(C[e]) ^ is an iso- 
morphism. Since S — )■ i)/W is a semi-universal fiat deformation of S, the 
Kodaira-Spencer map T^^/wfi Tg is an isomorphism. The Kodaira-Spencer 
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map factorizes as T^/w,o P^s{C[e\) — >■ T^; hence the Poisson Kodaira- 
Spcncer map T[,/vi',o ^ PDs(C[e]) is an isomorphism. This fact together with 
(2.6) imphes the universahty of the Poisson deformation. Now let us consider 
the map 5 ^ f). By [Slo], it is semi-universal as a usual flat deformation of S. 
Therefore, the Kodaira-Spencer map T|,^o H^i^^^s) isomorphism. 
Moreover, this map factorizes as T[,^o — > H'^{S,C) — >■ H^{S,Qg), where the 
map T(, — ^ H^{S, C) is the Poisson Kodaira-Spencer map. By the symplec- 
tic 2-form, and fi^ are identified. Then, the map H'^{S, C) — ?> H^{S, O^) 
coincides with the natural isomorphism H'^{S,C) — )■ H^{S,Q^^). Therefore, 
the Poisson Kodaira-Spencer map T(, q H'^{S, C) is an isomorphism. This 
fact together with (2.6) implies that / : <S — >■ f) is the universal Poisson de- 
formation of S. Let us now consider the Poisson deformations of V. The 
tangent space PDy(C[e]) of the Poisson deformation functor is isomorphic to 
H\S X C^^^-^, C) = H\S, C). Since PD(5^^)(C[e]) ^ H\S, C), this means 
that 

is the universal Poisson deformation of V at G f). Moreover, the map 

is the universal Poisson deformation of V at G i)/W. In fact, the map 
S — > is the universal Poisson deformation of 5". By Lemma (1.6), 

any 1-st order Poisson deformation is the product of a 1-st order Poisson 
deformation of S and (C^"^^,0). Then, the Poisson Kodaira-Spencer map 
Tt,/w,o ~^ PDy(C[e]) is an isomorphism. Q.E.D. 

Let 

be a symplectic automorphism of V. The map i lifts to a symplectic auto- 
morphism 

so that the following diagram commutes 

V V 
1 

V V. 
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Correspondingly, we have a commutative diagram of functors: 



PD 



V 



PD 



V 



PDy. 



(3) 



By the (formal) universality of PDy and PDy (cf.(2.5), (2.6)), we have a 
commutative diagram 



(4) 



l)/W l)/W, 



where [} and t}/W arc the formal completions of f) and i}/W at the origins. 

Proposition (3.2) The quotient space i)/W has a linear structure so that 
the commutative diagram above is obtained from a commutative diagram of 
linear spaces 



(5) 



f)/W > l)/W 



where both horizontal maps are linear maps. Moreover, the horizontal map 
f) — >■ I) is induced by a graph automorphism of the Dynkin diagram of Q. 

Proof. Let us consider the Poisson deformation S x (C^"~^, 0) [). The 
relative symplectic 2-form + Uc2n~2 defines a 2-nd cohomology class of 
each fiber St x (C^'^-^O), t G [). Since H'^{St x C^"-^ C) is identified with 
H'^{V, C), one can define a period map (cf. [G-K], [Ya]) 

p:i)^H\V, C)^H\S, C). 

Similarly one can define a period map 

PB:i)^H\T*{G/B),C) 

for the Poisson deformation F : {G b) x (C^"~^,0) i) by using the 
relative symplectic 2-form oup + uic2n-2. Since uif — u}f\si the period map p 
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is the composite of pb and the natural restriction map H^{T*{G/B), C) — >■ 
H'^{S,C). This restriction map is an isomorphism since g is simply-laced. 
Note that W has monodromy actions on H\T*{G/B), C) and H\S, C) ([Slo 
2], 4.2, 4.3, 4.4). By [Ya, Section 3] the period map pb is a ly-equivariant 
linear isomorphism; hence p is also a VF-equivariant linear isomorphism. The 
description of is as follows. First of all, the nilpotent cone A?" of g is 
resolved by the Springer map fiQ : T*{G/B) — ?■ N . The transversal slice S is 
contained in N and S = iiq^{S). There is an isomorphism 

i)* H\T*{G/B),C). 

The construction is as follows. Let H <Z B he the maximal torus correspond- 
ing to f). Then there is a canonical isomorphism (cf. [Na 5, (P3)]) 

Romaig.gpiH, C*) C ^ Pic{G/B) ® C. 

The left hand side is i}* and right hand side is isomorphic to H'^{G/B,C). 

Since H'^{G/B, C) ^ H'^{T*{G/B), C), we have an isomorphism [)* ^ H^{T*{G/B), C). 

The Cartan subalgebra f) is identified with its dual t)* by the Killing form 

of Q. By §3 of [Ya] the period map pb coincides with the composite of two 

maps: 

1)^1)* ^ H\T*{G/B),C). 
The automorphism i oiV induces an isomorphism 

i* ■.H\V,C) ^H\V,C). 

By the identification H'^(y,C) = H'^{S,C), the map i* is regarded as an 
automorphism of H^{S, C). By the definition of t we have a commutative 
diagram 

^ > i) H\S,C) 

t] e[ (6) 

i) > i) H\S,C). 

Define a hnear map ?(, : f) — > f) by p~^ o op. Then we have a 

commutative diagram 

h y i) 

t[ h[ (7) 
i) > i) 
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We shall prove that is induced by a graph automorphism of g. Let 
$ C {) be the (co)root system for g. The choice of B determines a base A of 
Define 

r:= {0G Aut($);0(A) = A}. 
Let Cj be a (— 2)-curve on S and let [Q] G H'^{S, C) be its class. Define 

$' {C := Eai[a]; e Z, = -2}. 

Then becomes a root system and A' := {[C,]} forms a base of Define 

r' := {0 G Aut(<l>');0(A') = A'}. 

The period map p sends A to A' up to a non-zero constant. Since i* G F', 
we have t(, G F. The Weyl group of is a normal subgroup of Aut($) and 
Aut(<l>) is the semi-direct product of W and F. This means that 1^ descends 
to an automorphism Lt,/w of 'h/W. Since 1^ is a finite reflection group, i)/W 
is an affinc space. By [Slo, 8.8, Lemma 1], one can choose a linear structure 
of f)/H^ so that Ltf/w is a linear map. 

4 Global sections of the local system 

(4.1) Monodromy of R'^tt^^'C 

As in (1.2)-(1.5), we shall consider a symplectic variety {X,u!) whose 
singularities are locally isomorphic to (5*, 0) x (C^'*~^,0). We use the same 
notation in section 1. Let tt : Y ^ X he the minimal resolution. By 
definition, tt"" is locally a product of the minimal resolution S S and 
the 2n — 2 dimensional disc A^"^^. If S is of type Ar, D,. or Er-, then, for 
each p G S, the fiber (7r"")~^(p) has r irreducible components and each of 
them is isomorphic to P^. Let E be the 7r-exceptional locus and let m be 
the number of irreducible components of E. We have m < r; but m 7^ r in 
general. The local system i?^7r""C on S may possibly have monodromies. 
Let 7 be a closed loop in E starting from p G S. Then we have a monodromy 
transformation along 7: 

i/2((0-'(p),c) ^ i/^((0-'(p),c). 

Since if^((7r"'*)~-^(p), C) = H^{S,C), the monodromy transformation is an 
automorphism of H'^{S,C). Let F be the exceptional divisor of the min- 
imal resolution S ^ S and let F — UFj be the irreducible decomposition. 
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Then {[Fi]} is a basis of H'^{S, C). The monodromy transformation permutes 
[Fj]'s without changing the intersection numbers. Therefore, the monodromy 
transformation comes from a graph automorphism of the Dynkin diagram as- 
sociated with S. Let us observe the graph automorphisms of various Dynkin 
diagrams. In the {Ar)-case, the Dynkin diagram 



has an automorphism cti of order 2 which sends each i-th vertex to the 
r + 1 — i-th vertex. Hence, there are two possibihties for m; namely, 

m — r, or r — [r/2]. 

The Dynkin diagram of type Dj. 

>o o 

has an automorphism a2 of order 2, which sends the 1-st vertex to the 2-nd 
one. Especially when r = 4, it has another automorphism r of order 3 which 
permutes mutually the 1-st vertex, the 2-nd one and 3-rd one. Hence, in the 
(D4)-case, there are three possibilities for m 

m — 4,3 or 2, 

and, in the (Dj.)-case with r > 4, there are two possibilities for m 

m — r OT r — 1. 

Finally, let us consider the (£'6)-case. 

o o o o o 

1 2 3^ 5 6 

The diagram has an automorphism as of order 2, which sends the 1-st 
vertex to the 6-th one and the 2-nd one to the 5-th one. There are two 
possibilities for m 

m — 6, or 4. 

Since there are no symmetries for the diagrams of type (Ey), (Es), we con- 
clude that m = r in these cases. 
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Let 7 be a closed loop in E starting from p e E. In (1.7), we have 

chosen a sequence of points (1 < i < A;) on 7 and have made a sequence 
of symplectic isomorphisms (X"",j9j_i) = The composite of them 

finally defines a symplectic automorphism 

Here we shall describe the monodromy transformation of R^tt'^'^C along 7 in 
terms of a symplectic automorphism of (y"", n~^{p)). For each open set V C 
X"", we associate the C-vector space which consists of all 1-st order Poisson 
deformations of {tt"-"')~^{V). The sheaf determined by this presheaf is iso- 
morphic to R^Tif^C (cf. [Na 2]). The symplectic isomorphisms (X"",pj_i) = 
induce symplectic isomorphisms (F"", (7r"")^^(pi_i)) = (F"", (tt"")^^ 
because (F"", (7r"")~-'^(pi)) is a unique crepant resolution of The 
sequence of them finally defines a symplectic automorphism 

: (F"", (7r"")~^(p) ^ (F"\ (7r™)-^(p)). 

Note that is a (unique) lift of to an automorphism of (F""^, (7r"")~^(p)). 
The map induces an automorphism of (-R^7r""C)p, which is nothing but the 
monodromy transformation of i?^7r""C along 7. The identification (X"",p) = 
(5, 0) X (C2"-2^ 0) naturally hfts to the identification of (F"", {ii'''')-^{p)) with 
(,S,F) X (C2"-2,0). Then, {R^TTf'C)^ can be identified with H^{S,C). 
The following is the main result in this section. 

Proposition (4.2). The following equality holds: 

dime H%E,H) = m. 

Proof. Let 7 be a closed loop starting from p e E. As in (1.7), we 
choose admissible covers {Ui} of 7 and points pi G F. By (1.7) and (4.1), the 
monodromy transformations of Hp and (i?^7r""C)p along 7, are described in 
terms of symplectic automorphisms 

i^:(X-,p)^(X-,p) 

and 

: (F-, (7r-)-^(p)) ^ (F-, (7r-)-^(p)). 
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Apply Proposition (3.2) to these symplectic automorphisms. Then the sheaf 
i^^TT^^C is a local system of the C-module f), and is a local system of 
the C-modulc i}/W. Moreover, their monodromies along 7 are given by the 
horizontal maps [)—)■[) and i)/W — )■ i)/W in the commutative diagram in 
Proposition (3.2). According to the notation in the proof of (3.2), we call 
these maps t-y^i, and t^,i,/w respectively. Assume that S is of type Ar, 
or E,,.. When m = r, the sheaf i?^7r""C has a trivial monodromy along any 
7. In this case, we have i^^f, = id; hence i^^/^ij/w = 'id. The problem is when 
m < r. In this case, there is a loop 7 such that l^^t) comes from one of the 
graph automorphisms listed in (4.1). Assume that dim f)'-i'>'' = m, where i)''^'^ 
is the invariant part of f) under (,. By the argument in [Slo, 8.8, Lemma 1], 
we see that dim(f)/Vl^)'-T.i'/^ = m. Q.E.D. 

By using Proposition (4.2), we can prove that the inequality in Corollary 
(1.10) of [Na 1] is actually an equality: 

Corollary (4.3). Let {X,u) be a projective symplectic variety. Let U C 
X he the locus where X is locally a trivial deformation of a (surface) rational 
double point at each p & U. Let tt : U ^ U be the minimal resolution and let 
m be the number of irreducible components o/Exc(7r). Then hP{U,T^) — m. 

Proof By Lemma (1.5) we obtain a local system l-i of C-modules as a 
subsheaf of T^. Put S := Sing(f/). Let S = USj be the decomposition into 
connected components. The local system % has support on S. Let Hi be the 
restriction of H to each connected component Ej. We have an isomorphism: 

U®cO^^ T^. 

Then 

h\U, TIj) = /i°(E, -H ®c Oe) = T.h^i'Hi) ■ h\0^,). 

Since Ej can be compactified to a proper normal variety Ej such that Ej — Ej 
has codimension > 2, we see that hP{OY,^) — 1. Q.E.D. 

5 Main Results 

Theorem (5.1). Let X be an affine symplectic variety. Then PDx is unob- 
structed. 
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Proof, (i) Let U be chosen as in (1.8). Let tt : C/ — > C/ be the minimal 
resolution. Put Z :— X \ U. In the exact sequence of local cohomology 

... ^ H\X, Ox) ^ H\U, Ou) ^ H'+\X, Ox) ^ 

we have H^2^^(X,Ox) = for all i < 2 since X is Cohen- Macaulay and 
Codimx^ > 4. Note that W{X,Ox) = for z > 0. Therefore, one has 
H^{U, Ou) = for z = 1,2. Since C/ is a symplectic variety, U has only ratio- 
nal singularities (cf. (1.1)). In particular, this implies that H\U, Ojy) = for 
i = 1,2. The resolution f/ is a smooth symplectic variety and PD^(C[e]) = 
H^0an^ C). There is a natural map PDj;(C[e]) ^ PD[/(C[e]). In fact, since 
R^n^,0^ — and ii^^Ojj = Ojj, a first order deformation U (without Poisson 
structure) of U induces a first order deformation U oi U (cf. [Wa]). Let W 
be the locus where U — >■ Spec(C[e]) is smooth. Since U ^ U is an isomor- 
phism above U^, the Poisson structure of U induces that of U^. Since the 
Poisson structure of W° uniquely extends to that of U, U becomes a Poisson 
scheme over Spec(C[e]). This is the desired map. In the same way, one has 
a morphism of functors: 

PD^ ^ PDc;. 

Note that PD^ (resp. PD[/) has a prorepresentable hull Rfj (resp. Ru)- 
Then tt* induces a local homomorphism of complete local rings: 

Ru — >■ Rfj- 

We now obtain a commutative diagram of exact sequences: 

> H'^{U'"\C) > PD^(C[e]) > H%U^'\ R^TT^^'C) 

> PDit,uiC[e]) > PDt/(C[e]) > H\T.,n) 

(ii) Let £'i (i = 1, m) be the irreducible components of Exc(7r). Each Ei 
defines a class [Ei] e H^U"'', i^^Tr^C). It is easily checked that //°(C/«", R'^n^^'C) = 
®i<i<mC[Ej]. This means that 

dimPD^(C[e]) = /i2(C/"", C) + m. 

On the other hand, by Proposition (4.2), h^(Ti,'H) = m. This means that 

dimPD[;(C[e]) < /i^([/"'^, C) + m. 
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As a consequence, we have 

dimPD[/(C[e]) < dimPD^(C[e]). 

(iii) We shall prove that the morphism tt* : PD^ — )■ PDf/ has a finite 
fiber. More exactly, Spcc(i?(y) — ?> Spcc{Ru) has a finite closed fiber. Let 
a : R(j be a homomorphism of local C-algebras such that the 
composition map Ru — )■ Rfj A C[[t]] is factorized as Rjj Rjj/mu 

Let Up be the germ of C/"" at p e E and let Up be the germ of C/"" along 
(7r"")~^(p). Denote by Ru^, (resp. i?^^) the prorepresentable hull of the 
Poisson deformation functor PD{7p (resp. PD^^). Since a Poisson deformation 

of U (resp. U) induces a Poisson deformation of Up (resp. tip), a induces the 
map ttp : Rfj^ — )■ C[[t]] such that the map Ru^, Rf)^ CI[[t]] is factorizes 
as i?(7p Rup/iTT'Up Corresponding to a, we have a family of 

morphisms {7in}n>i- 

where Un ^ U x SpecC[t](i"'"'"^) and C/„ are Poisson deformations of U over 
SpecC[t]/(t"+^). Restrict these to Up and Up. Then we have a family of 
morphisms {7rp,„}„>i: 

'^p,n ■ Up^ji y Up^n-i 

which are Poisson deformations of Up and Up determined by ccp. As proved 
in (3.1), the map Spec(i?jj^) — )■ Spec(-R[/p) is a finite Galois covering. This 

means that each Up^n coincides with the minimal resolution of Up^n (i-e. 
Up X SpecC[t]/ (t"'*'^)) with the natural Poisson structure determined by that 
of Up^n- Since all minimal resolution f/p „ (p G S) are glued together, we con- 
clude that Uji ^ U X SpecC[i]/(i"+^) and its Poisson structures is uniquely 
determined by that of This implies that the given map Rfj — >■ C[[t]\ 
factors through Rjj/mQ. 

(iv) Since the tangent space of PD^ is controlled by H'^ {U"'"' , C) , it has 
the T^-lifting property; hence PD^ is unobstructed and Rfj is regular. 

(v) By (ii), (iii) and (iv), we conclude that Ru is a regular local ring with 
dim Ru = dim Rfj. In fact, since dimi?^ < dim Ru + dim R^j/muRij-i we 
have 

dim Rfj < dim Ru 
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by (iii). Since R(j is regular by (iv), we have an equality 

dime rrifj / {rrifjy = dim Rfj. 
On the other hand, we have an inequality 

dime mc//(mj/)^ > dim Ru- 

These three (in) equalities imply that 

dime mu / (mu)'^ > dime mij/{mfj)^. 

Finally, by (ii), we see that this inequality actually is an equality, and the 
equality dimRu = dimcmu/imuY holds. 

Moreover, in the commutative diagram above, the map PD[/(C[e]) 
if°(E, Ti) is surjective. We shall prove that PD^ is unobstructed. Let 

:= C[t]/(r+^) and Snie] := C[i, e]/(r+S e^). Put T„ := Spec(,S„) and 
T„[e] := Spec(S'„[e]). Let X„ be a Poisson deformation of X over T„. Define 
PD(X„/T„, T„[e]) to be the set of equivalence classes of the Poisson deforma- 
tions of Xn over T„ [e] . The Xn induces a Poisson deformation Un of U over 
T„. Define PD([/„/T„, T„[e]) in a similar way. Then, by the same argument 
as [Na 2, Proposition 13], we have 

PB{XjTn,Tn[e]) - PB{UjTn,Tn[e]). 

Now, since PD[/ is unobstructed, PD[/ has the T-'^-lifting property. This 
equality shows that PDx also has the T^-lifting property. Therefore, PDx is 
unobstructed. Q.E.D. 

(5.2) Let X be an affine symplectic variety. Take a (projective) resolution 
Z ^ X. By Birkar-Cascini-Hacon-McKernan [B-C-H-M], one applies the 
minimal model program to this morphism and obtains a relatively minimal 
model TT : y — > X. The following properties are satisfied: 

(i) TT is a crepant, birational projective morphism. 

(ii) Y has only Q-factorial terminal singularities. 

Note that Y naturally becomes a symplectic variety. Let U C X he the 

open locus where, for each p & U, the germ {X,p) is non-singular or the 
product of a surface rational double point and a non-singular variety. We 
put U := t:~^{U). As in (i) of the proof of Theorem (5.1), the birational maps 
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TT and 7r\(j induces natural maps of functors tt* : PDy — )■ PDx and (tt]^)* : 
PDf) — )■ PD[/. There is a commutative diagram of Poisson deformation 
functors 



PDy > PDjj 



(9) 



PD 



X 



PD 



u 



and correspondingly a commutative diagram of prorepresentable hulls 



Ru 



^ Ry 



(10) 



R^ 



Lemma (5.3). The horizontal maps Rjj — >■ Ry and Ru — >■ Rx are both 

isomorphisms. 

Proof. Let V be the regular locus of Y . Then U is contained in V , and 
we have the restriction map H'^iV"'"' .,0) — ?■ iJ^(f/"",C). This map is an 
isomorphism by the proof of [Na 3], Proposition 2. Note that PDy(C[e]) = 
^2(yan c) and PD^(C[e]) = H^(U,C). By the T^-lifting principle, PDy 
and PD^ are both unobstructed. Let us consider the map Rfj Ry- By 
the observation above, R^ and Ry arc both regular and the map induces an 
isomorphism of Zariski tangent spaces; hence R^ = Ry. Next let us consider 
the map Ru Rx- By Theorem (5.1), both local rings are regular and 
the map induces an isomorphism of Zariski tangent spaces; hence Ru — Rx- 
Q.E.D. 

By Theorem (5.1), dim Ru — dim Rfj and the closed fiber of Ru — > Rfj 
is finite; hence dimRx = dim i?y and the closed fiber of tt* : Rx Ry is 
finite. By the generalized Weicrstrass preparation theorem, Ry is a finite 
i?x-niodule; in other words. Spec Ry — )> Spec Rx is a finite morphism. 

We put Rx,n Rx/rn^ and i?y,„ := Ry/{my)^. Since PDx and PDy are 
both prorepresentable, there is a commutative diagram of formal universal 
deformations of X and Y: 



n>l 



(11) 



Spec (i?y^ J 



Spec{Rx,n) 
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(5.4) Algebraization 

Let us assume that an afRne symplectic variety {X,oj) satisfies the fol- 
lowing condition (*). 

(*) 

(1) There is a C*-action on X with only positive weights and a unique 
fixed point E X. 

(2) The symplectic form u has positive weight I > 0. 

By Step 1 of Proposition (A. 7) in [Na 2], the C*-action on X uniquely 
extends to the action on Y. These C*- actions induce those on Rx and Ry- 
By Section 4 of [Na 2], Ry is isomorphic to the formal power series ring 
C[[i/i, ■■■,yd]] with wt{yi) = I. Since Rx C Ry, the C*-action on Rx also has 
positive weights. We put A := limr(X„, Ox„) and B := limr(F„, Cy„). Let 
A and B be the completions of A and B along their maximal ideals. Then 
one has the commutative diagram 

Rx ^ Ry 

A > B 

Let S (resp. T) be the C-subalgebra of A (resp. B) generated by the 
eigen-vectors of the C*-action. On the other hand, the C-subalgebra of 
Ry generated by eigen-vectors, is nothing but C[yi, ...,yd]- Let us consider 
the C-subalgebra of Rx generated by eigen-vectors. By [Na 2], Lemma 
(A. 2), it is generated by eigenvectors that form a basis of mx/ {rnxY ■ Since 
Rx is regular of the same dimension as Ry, the subalgebra is a polynomial 
ring C[xi, ...,Xd\. Now the following commutative diagram algebraizes the 
previous diagram: 

C[xi, )■ C[yi,...,yd] 

1 ^^^^ 

S > T 

By Theorem (5.4.5) of [EGA III], the (formal) birational projective mor- 
phism 

y;, ^ Spec(5/(m^)") 
is algebraized to a birational projective morphism 

Y Spec(S). 
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Moreover, by a method similar to that in Appendix of [Na 2], this is further 
algebraized to 

y Spec(T). 

If we put X := Spcc(5'), then we have a C*-equivariant commutative diagram 
of algebraic schemes 

y — > X 

[ (14) 
SpecC[yi, SpecC[a;i, 

Theorem (5.5). In the diagram above, 

(a) the map ip is a finite surjective map, 

(b) y Spec C[yi, ...,yd] is a locally trivial deformation ofY, and 

(c) the induced birational map yt —?■ X^(t) is an isomorphism for a general 
t e SpecC[yi,...,yd] • 

Proof, (a) follows from [Na 2], Lemma (A. 4) since Ry is a i?x-finite 
module. 

(b) : Since Y is Q-factorial, F"" is also Q-factorial by Proposition (A. 9) 
of [Na 2]. Then (b) is Theorem 17 of [Na 2]. 

(c) follows from Proposition 24 of [Na 2]. 

Corollary (5.6). Let {X,(x!) be an affine symplectic variety with the 
property (*). Then the following two conditions are equivalent: 

{I) X has a crepant projective resolution. 

(2) X has a smoothing by a Poisson deformation. 

Proof. (1) =^ (2): If X has a crepant resolution, say Y . By using this Y , 
one can construct a diagram in Theorem (5.5). Then, by the property (c), 
we see that X has a smoothing by a Poisson deformation. 

(2) =^ (1): Let y be a crepant Q-factorial terminalization oiX. It suffices 
to prove that Y is smooth. We again consider the diagram in Theorem (5.5). 
By the assumption, Xg is smooth for a general point s G SpecC[a;i, xj. 
By the property (a), one can find t e SpecC[|/i, i/^] such that — s. 
By (c), one has an isomorphism y^.^ Xg. In particular, yt is smooth. Then, 
by (b), Y{— 3^o) is smooth. 
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